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Abstract 
Necessary and sufficient conditions for a finite poset and a finite distributive lattice to have 
isomorphic posets of meet-irreducible lements are given. Hence, it is proved that every fi- 
nite partially ordered set with a given poset of meet-irreducibles i  order-embeddable into the 
corresponding finite distributive lattice. (~) 1998 Elsevier Science B.V. All rights reserved 
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1. Introduction 
There are many results on representations of finite lattices by posets. Well known is 
the result of  Birkhoff by which there is a one-to-one correspondence b tween all finite 
partially ordered sets and all finite distributive lattices: 
The number of (nonisomorphic) distributive lattices of  length n is equal to the 
number of  posets of n elements [2, Ch.3.3, Corollary 3.1]. 
Indeed, every finite partially ordered set X is isomorphic to the poset of meet- 
irreducible elements of a finite distributive lattice. As it is known, this lattice is, up to 
an isomorphism, the lattice of all order filters of X, endowed with the dual of  inclusion 
as partial order; the subset of  principal filters is order-isomorphic with X. (Birkhoff 
uses join-irreducibles, in which case partial order is inclusion itself.) An example is 
given in Fig. 1: X is isomorphic to the poset of meet-irreducibles of the distributive 
lattice L, which is, on the other hand, isomorphic to the lattice of filters of  X (ordered 
dually to inclusion). 
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X P 
Fig. 1. 
Obviously, X can be isomorphic to the posets of meet-irreducibles of some other, 
nondistributive lattices, and also to the posets of meet-irreducibles of some finite 
posets (such is the poset P in Fig. 1). In the present paper, we prove that all these 
posets and lattices can be considered as particular subsets of the corresponding dis- 
tributive lattice. In fact, we give necessary and sufficient conditions under which a 
finite partially ordered set and a finite distributive lattice have isomorphic posets of 
meet-irreducibles. 
Several authors have also been investigating collections of subsets of a poset which 
can be ordered so that the obtained structure is a lattice. Such results were obtained 
by Dilworth [4], Behrendt [1], Higgs [5], Koh [6], and others. 
In papers [8,9] it is proved that the collection of all lattices generated by the same 
poset of meet-irreducibles is a lattice, and conditions under which this lattice is Boolean, 
distributive and modular are given. These investigations were motivated by some func- 
tional representations of finite lattices, given in [7]. 
2. Results 
An element x of a partially ordered set (P, ~< ) is said to be meet-irreducible, if it is 
different from the greatest element, the top (provided that it exists) and if it satisfies 
the following condition: 
for any y ,z  E P, if x = inf{y,z} then x = y or x = z 
(obviously, x is meet-irreducible also in the case when there are no elements for which 
it is the infimum). 
Recall that a meet-irreducible element x of a lattice L is one which is different from 
the top element and satisfies the implication: 
if x= yAz  thenx- -  y orx----z. 
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Remark. The top of a poset (if any) could also be accepted among the meet- 
irreducible lements. However, our results are based on BirkholTs representation f
distributive lattices [2, Ch. 3.3] in which the top element is excluded from the poset 
of meet-irreducibles (of a lattice). Therefore, in order to represent all finite posets 
(including those without the top) by meet-irreducibles, we had to adopt this 
approach. 
Throughout the paper, (P, ~< ) is supposed to be a finite partially ordered set (finite 
poset), whose top element, if it exists, is denoted by 1 (or 1p, in the case when a 
lattice L is also considered, whose top element is then denoted by 1L). 
To prove that in a finite poset every element is the infimum of all meet-irreducibles 
above it, we need the following lemma, the proof of which is straightforward. 
Recall that an element a of a poset (P, <~ ) covers b E P, which we denote by a ~- b, 
i fb<a,  and fo rcEP ,  i fb~<c~a,  thenc=b orc=a.  
Lemma 1. Let (P, ~< ) be a finite poset and a E P. I f  a is the proper infimum of some 
two-element subset of P, then a is also the infimum of the set of all elements in P 
which cover a. 
Proposition 1. Let (P, ~< ) be a finite poset, and (X, <~ ) the (sub) poset of its meet- 
irreducible elements. Then, for every a E P, a # 1 
a = in f{xEX I a ~< x}. (1) 
Proof. We use the induction on the length l(a) of the longest chain in P for which 
a is the bottom element. If a E P and l(a) = 0, then a is a maximal element in P, 
and (1) holds. Further on, if a EX, then (1) is also satisfied. If a ~X, then there are 
b, c E P such that a # b, a # c and a = inf{b, c}. By Lemma 1, 
a = in f{yEP ly  >- a}, (2) 
where ~- is the covering 
and thus by the induction 
ties (1). D 
relation. Obviously, l(y) < l(a) for every y that covers a, 
hypothesis y- - inf{x E x ly <<. x}. Whence, by (2), a satis- 
In the following statements we prove that all finite partially ordered sets and lattices 
with isomorphic posets of meet-irreducibles can be considered as particular subsets of 
a distributive lattice belonging to the same collection. 
Recall that every element a of a finite distributive lattice has a unique irredundant 
representation by a meet of meet-irreducible elements which form an anti-chain (see, 
for example, [2, Ch. 3.3, Corollary of Lemma 3.1]). 
Proposition 2. Let (P, <<.) be a finite poset for which (X, <~ ) is the (sub) poset of 
meet-irreducible elements. Let also L be the distributive lattice whose poset of meet- 
irreducibles is isomorphic to (X, <~ ). Further on, let f be an order isomorphism from 
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(X, <~ ) to the poset of meet-irreducibles of L. Then, the mapping g : P ~ L, such that 
for aEP,  a ¢ le 
g(a) = A( f (x  ) [ x EX  and a <~ x), (3) 
and 
g(1p) = 1L if  lp exists in P 
is an (order preserving) embedding. 
(3') 
i.e., 
z = A( f (x )  I a ~< x) A f (x,)  = A( f (x )  I a x). 
Since L is distributive, there is an irredundant unique representation of z by meet- 
irreducible lements. Then, f(xi) >1 f(x/),  for some element f (x j )  of the irredundant 
representation f z (where xj EX). Hence, by virtue of f ,  xi >1 xj, and since xj >1 a, 
it follows that a ~< xi. So, 
{x [b ~x}C{x [a ~x},  
whence a ~< b. 
If  g(a) = g(b), then g(a) <. g(b), hence a ~< b. Similarly, b ~< a, therefore a = b. 
Thus, g is an injection, which completes the proof. [] 
Proof. We prove that g and its inverse from g(P) preserve the order. I f  a = b = le, 
or a ¢ le =b,  then by (3P), obviously g(a) <~ g(b). Suppose now that a, bEP  a <~ b, 
and both a and b are different from the top of P. Then 
{xEX ] b <.x}C{xEX l a <.x}. 
Since f is an isomorphism, 
{f(x)  [ b <. x}C_{f(x) I a <~ x}. 
Hence, 
A( / (x )  I a .< x) .< A( / (x )  i b .< 
i.e., g(a) ~< g(b). 
Conversely, suppose that g(a) <~ g(b), and both g(a) and g(b) are different from the 
top of the lattice (otherwise, a ~< b, immediately by (3~)). Then, 
A( f (x  ) [ a <~ x) <~ A( f (x  ) [ b <~ x). (4) 
Let b <. xi, for an xi cX ;  we show that also a <. xi. Since b <~ xi, then f(xi) E {f(x)  [ 
b ~< x}, and by (4) 
A( f (x  ) [ a ~ x) <~ A( f (x  ) [ b <~ x) ~ f(xi), 
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Hence, every finite poset P can be embedded into a distributive lattice which has 
the same (isomorphic) poset of meet-irreducible elements as P. Moreover, Proposi- 
tion 2 shows that there is an embedding which preserves meet-irreducible elements 
and 'maximal'  infima: every element in P different from 1p is by Proposition 1 the 
infimum of all meet-irreducibles above it, and this infimum is preserved under the 
embedding . 
Now, let L be a finite distributive lattice for which (Y, ~< ) is the poset of meet- 
irreducible elements. Further on, let Y~ be a subset of L constructed as follows. If  
yE  Y is such that y = in f rZ ,  where Z = {zE Y I Y <z}  (i.e., y is the infimum in 
Y of the set of all meet-irreducible elements above it), then, we define y/ :=  Ac Z 
(hence, y~ is the meet of the set of all meet-irreducibles above y, this time in L); if 
y is the only co-atom in L (i.e., if L \ {1} is a lattice with the top element y), then 
let J := l .  Finally, let 
Y' = Y U { a E L l a = y' for some yE  Y}. (5) 
Lemma 2. Let (P, ~< ) be a finite poset, X its subset of meet-irreducible elements, 
and L the distributive lattice whose poset of meet-irreducibles (Y, <<,) is isomorphic 
with (X, <~ ) under the mapping f . Further on, let 9 be the embedding of P into L, 
defined in Proposition 2. Then, Y' C_ 9(P). 
ProoL We prove that for every y E Y~ there is a E P such that g(a) = y. Let y E Y~. 
n Then by (5), either (i) y = f (x )  for some xEX,  or (ii) y = Ai=lLf(xi) where 
{xl . . . . .  xn} CA" is the set of all meet-irreducible lements above some x which is 
their infimum in X, or finally (iii) y = lz. In the case (i), by virtue of the isomor- 
phism f ,  a = x. Let (ii) hold. Then the set {xl . . . . .  xn} has infimum in P. Indeed, 
since x is the infimum of the same set in X, and x is meet-irreducible in P, there 
is at least one aCP such that x < a < xi for i = 1 . . . . .  n. Elements xl . . . . .  Xn are all 
meet-irreducibles in P which are above every such a, hence, by Proposition 1, a is 
unique i.e., a = infe{xl . . . .  ,xn}. By (3), g(a) = y. In the case (iii), Y (and thus X)  
has a top element. Hence, there is also le in P, and by (3t), g( lp)  = 1L = y. 
Proposition 3. Let L be a finite distributive lattice whose poset of meet-irreducibles 
is (Y, ~< ). Then every subset P of L which contains Y' (defined by (5)) is, under the 
orderin 9 inherited from L, a partially ordered set for which (Y, <~) is the poser of 
meet-irreducible elements. Moreover, YI is the smallest such partially ordered set. 
ProoL Let P be a subset of L which contains y/, and which is a poset under the order 
from L. Suppose that an element x which belongs to P is not meet-irreducible in L. If  
x = 1e, then also x = 1L. Else, 
x = A(Y '  < r Ix  < y,). 
L 
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Hence, obviously, x <Pyi for all such Yi. Further on, if there is t E P such that t <~ Yi 
for all i, then t ~< x in L, and thus t ~< x in P. Finally, 
x = infe{yi E Y ] x < Yi}, 
and x is not meet-irreducible in P, either. Hence, the set X of meet-irreducibles of P 
is a subset of Y. We prove that X = Y. Namely, we show that all elements from Y are 
meet-irreducible in P, by induction on the length l(y) of the longest chain in Y, the 
bottom of the chain being y E Y. I f  y E Y and l(y) -- 0, then y is maximal in Y. I f  y 
is the top element in Y, then y is the only co-atom in L. Hence, 1L E Y', and 1L E P, 
which means that y is meet-irreducible in P. I f  there are at least two elements in Y 
with length 0, then either 1L ~¢P and y is meet-irreducible in P as a maximal element, 
or 1L E P and y is meet-irreducible in P as a co-atom. Further on, if y is an arbitrary 
element from Y, then either it is meet-irreducible in P and we are done, or it is not 
meet-irreducible in P, and by Proposition 1, this is equivalent with the fact that y is 
the infimum of all meet-irreducibles above it: 
y = infe{x EX [ y < x}. (6) 
By the inductive hypothesis, {x EX[y  < x} = {x E Y lY < x}. Since Y C_P, it follows 
that 
y = infr{xE Y [ y <x}.  
By the construction of YP, 
y ~ A(xEY Iy  <x)E  Y', 
L 
which contradicts formula (6). Hence, every y E Y is meet-irreducible in P. The fore- 
going analysis shows that Y is also the poset of meet-irreducibles in Y', which proves 
that Y' is the smallest such subset of L. [] 
Summing up the foregoing propositions, we have the following theorem. 
Theorem 1. A finite partially ordered set (P, ~< ) and a finite distributive lattice L 
have isomorphic posers of meet-irreducible elements (X and Y, respectively) if and 
only if (P, <~ ) is isomorphic to a sub-poset of L which contains Y' (defined by (5)). 
Proof. By Propositions 2 and 3, and Lemma 2. [] 
As a conclusion, every finite partially ordered set P with the poset of meet-irreducible 
elements X is order-embeddable into the finite distributive lattice L whose poset of 
meet-irreducible elements is isomorphic with X. On the other hand, every subset of a 
finite distributive lattice L, which contains its poset of meet-irreducibles and some other 
elements as described above, is under the order inherited from L, a partially ordered 
set with the same poset of meet-irreducibles. 
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